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Abstract 

We show that the existence of a weakly compact cardinal over the 
Zermelo-Fraenkel's set theory ZF is proof-theoretically reducible to itera- 
tions of Mostowski collapsings and Mahlo operations. 

1 Introduction 

It is well known that a cardinal is weakly compact iff it is IlJ-indescribable. 
From this characterization we see readily that the set of Mahlo cardinals below 
a weakly compact cardinal is stationary, i.e., any weakly compact cardinal is 
hyper Mahlo. Furthermore any weakly compact cardinal k is in the diagonal 
intersection k G = C\{M{M°') : a < k} for the a-th iterate M" of the 
Mahlo operation M: for classes X of ordinals, 

K e Af (X) -.^ X r\)i is stationary in k <^ VF C k[{Y is club) X DY ^ 9]. 

Note that k G M{X) is 11} on V^. 

On the other side R. Jensen [TT] showed under the axiom V ~ L oi con- 
structibility that for regular cardinals k, k is weakly compact iff \fX C k[k G 
M{X) =^ M{X) n K ^ 0] iff C k[k G M{X) ^ M{M{X))]. 

Jensen's proof in yields a normal form theorem of IT J -formulae on = 
Jk uniformly for regular uncountable cardinals k as follows. 

For a first order formula ip[D] with unary predicates A,D, let 

a G S''^{A) there exists a limit /? such that a < /3 < , ACi a G Jp, 
{Jp, £,An a) 1= VD C a (p[D], a is regular in /? and 

3p G J^jVX[(p U {a} C X -< Jf3) A {X n a is transitive) ^ X = Jp] (!) 

where a is regular in /3 iff there is no cofinal function from a smaller ordinal < a 
into a, which is definable on Jp. 

The following Proposition 1 1.1 1 is the Lemma 5.2 in [TT] . 

Proposition 1.1 Let a G S^{A) and (3 he an ordinal as in the definition of 
S^{A). Then a is Yii-singular in /3-I-1, i.e., there exists a cofinal function from 
a smaller ordinal< a into a, which is 'Si-definable on Jp+i. 



Fix a regular uncountable cardinal k, a set A C k. For a finite set {A, . . .} 
of subsets A,. . . of k and ordinals a < k, let Na{A, . . .) denote the least Si- 
elementary submodel of 7^+, Na{A, . . .) -<Ei Jk,+ , such that aU{A, . . .}U{k} C 
Na{A, . . .). Namely N^iA, . . .) is the Ei-Skolem hull Hulls';'" (aU{A, . . .}U{k}) 
of a U {A, . . .} U {k} on . Let 

C{A, ...):= {a < K : Na{A, . . .) n k C a}. 

Then it is easy to see that C{A, . . .) is club in k, and definable over Jk+. 

Proposition 1.2 Let k be a regular uncountable cardinals k, A G k, ip[D] a 
first order formula with parameters A, D. 

1. Suppose (Jre+, £, A) 1= \/D C KLp[D\, and let C be a club subset of n. Then 
the least element of the club set C{A, C) is in S'^{A). 

2. Suppose (J^+, e, A) ^ VD C nLp[D], then Sf{A) n C{A) ^ 0. 

Thus (Jk+, ^,A) ^ \/D C mp[D] iff S'^{A) is stationary in k. And k is weakly 
compact iff for any stationary subset S C k there exists an uncountable regular 
cardinal a < k such that S Cl a is stationary in a. 

Proof. 11.2111 Suppose (J^+, e,A) ^ VL* C Kip[D], and let C be a club sub- 
set of K. Consider the club subset C{A, C) of k. Then C{A, C) C C . We 
show that a £ S'^{A) for the least element a of C{A,C). Let tt : {Jp,^ 
, A n a, C n a) = Na{A,C) Jk+ be the transitive collapse of Na{A,C). 
/3 is a limit ordinal with a < (3 < a+. From ( J„+ , G, A) \= \/D C n f[D\ we see 
(J/3, G, Af^a) ^ VI? C a ^[D], and Afla, COa G J,3 from A, C G A^q(A, C). It re- 
mains to show ([T|) forp = {Ana, Cfla}. Assume {Afla, Cna, a} C X ^ J^g and 
Xf^a = 7 for an ordinal 7 < a. Then 7U{A, C, k} C 7r"X -< iVQ(A, C) Jk+ • 
This yields iV^ ( A, C) -<Ei 7r"X, and A^^ ( A, C*) n /t C (7r"X)nK = 7r"(Xna) ==7 
by Na{A^ C) n K C a. This means that 7 G C(A, C), and hence X n a = 7 = a. 
Therefore 7r"X = N^{A, C), and X = Jp. 

Suppose (J^+,G,A) VD C Assume a G S"^(A) n C(A). Let 

(J^,G,Ana) = A^q(A) -<Si Jk+ be the transitive collapse oi Na{A). Then 
(J^,G,Ana) ^ VD C av^l-D]. On the other hand we have by a G S"^ (A) , there 
exists a limit /3 such that (J/3, G, Ana) ^ VZ? C aip[D], and a is Ei-singular in 
/3+1 by Proposition ll.il Hence /? < /? and a is Ei-singular in /3. This means that 
K is Si-singular in k^. However k is assumed to be regular. A contradiction. □ 

In this paper we show that the existence of a weakly compact cardinal over 
the Zermelo-Fraenkel's set theory ZF is proof-theoretically reducible to iterations 
of Mostowski collapsings and Mahlo operations. 

Let K denote the formula stating that 'there exists a weakly compact cardinal 

/C'. 

For E^-sentences tp = 3Y'iX 0, let ip^'^ be 3Y C V^WX C Vk 6'^'= where 
9"^ denotes the result of restricting any unbounded quantifiers 3a;, Va; to 3x G 
a, Vx G a, resp. 
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Theorem 1.3 There are Tin+i -formulae 9n{x) for which the following holds: 

1. For each n < u), 

ZF + (V" = i) h V/C[/C is a weakly compact cardinal — OniJC)] 

and 

ZF + = L) h V/C[e'„+i(/C) ^ /C e M({7r < /C : 6l„(7r)})]. 

2. For any Yi\-sentences ip, if 

ZF h V/C[/C is a weakly compact cardinal ^^'^], 
then we can find an n < lo such that 

ZF + (y = L) h V/C[6i„(/C) ^ </j^'^]. 

Hence ZF + (V^ = L) + (/C is weakly compact) is Yi\{K)-conservative over ZF + 
(y = L) + {0„(/C) : n < w}, anrf ZF + (V^ = L) + K is conservative over 
ZF + (y = L) + {3/C0„(/C) : n < cj}, e.(;., with respect to first-order sentences 
(fi^'a for the least weakly inaccessible cardinal Iq. 

Note that Tn = ZF + = L) + {3IC0n{IC)} is weaker than ZF + K, e.g., 
ZF + K proves the existence of a model of Tn for each n < to. 

The I]„+i -formulae On{x) are defined by 

0n{x) -.^xe 

The E„-|_i-class Mhf^ for ordinals ^ is defined through iterations of Mostowski 
collapsings and Mahlo operations, cf. Definition 12.21 

Let us explain some backgrounds of this paper. Ils-reflecting ordinals are 
known to be recursive analogues to weakly compact cardinals. Proof theory 
{ordinal analysis) of Ils-reflection has been done by M. Rathjen [T^, and [l]|3H5]. 

As observed in [31 [5], ordinal analyses of IlAr+i-reflection yield a proof- 
theoretic reduction of IlAr+i-reflection in terms of iterations of IlTv-recursively 
Mahlo operations. Specifically we show the following Theorem 11.41 in [5|. Let 
KPo; denote the Kripke-Platek set theory with the axiom of Infinity, IlN{a) a 
universal HAr-formula, and RMm{X) the IlAr-recursively Mahlo operation for 
classes of transitive sets X: 

pgrMn{x) v& e p[p h nAr(5) -> 30 G A'nP(o h nAr(fe))] 

(read:P is nAr-reflecting on X .) 

The iteration of RMm along a definable relation -< is defined as follows. 

P e RMN{a: -<) :^ a e P e f^{RMN{RMN{b; -<)) : e P h ^ ^ a}- 

Let <^ be a Ai-predicate such that for any transitive and wellfoundcd model 
V of KPcj, is a canonical well ordering of type ejc+i for the order type K. of 
the class Ord of ordinals in V. [a;,i(/C + 1)] denotes the code of the 'ordinal' 
w„(/C + 1) 
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Theorem 1.4 For each N >2, KPYii^^i is Tl^^i- conservative over the theory 

KPuj + {V e RMn{\uj„{K: + 1)1 ; : n e cj}. 

On the other side, we [7| have Hfted up the ordinal analysis of recursively 
inaccessible ordinals in [TU] to one of weakly inaccessible cardinals. This paper 
aims to lift up [T2] and [5] to the weak compactness. 

Let us mention the contents of this paper. In the next section [2] iterated 
Skolcm hulls 'Ha,n{X) of sets X of ordinals, ordinals ^'k.„7 for regular ordinals 
k{IC < K < I), and classes Mh"[Q] are defined for finite sets of ordinals. It 
is shown that for each n, m < uj, IC £ Mhn"^^'^^^^ in Zf + {V = L) + K. In the 
third section [3] wc introduce a theory for weakly compact cardinals, which are 
equivalent to ZF + (F = L) + K. 

In the section|4]cut inferences are eliminated from operator controlled deriva- 
tions of Ej'Sentences (p^"^ over /C, and (p^'^ is shown to be true. Everything up 
to this is seen to be formalizable in Zf + {V = L) + {6n{IC) : n £ w}. Hence the 
Theorem 11.31 follows in the final section [5] 

2 Ordinals for weakly compact cardinals 

In this section iterated Skolem hulls 'Ha,n{X) of sets X of ordinals, ordinals 
^K,Ti7 for regular ordinals k{IC < k < I), and classes M/i^[9] are defined for 
finite sets Q of ordinals. It is shown that for each n,m < uj, K. € Mhn'"^'^'^^^ in 
ZF+ = L)+K. 

Reg denotes the set of uncountable regular ordinals below the least weakly 
inaccessible cardinal / above IC, while R := Reg Ci {p : K. < p < 1} and 
i?+ := RU {/}. K,X,p,TT denote elements of R. k+ denotes the least regular 
ordinal above k. 8 denotes finite sets of ordinals< IC. Q C fin X iff is a finite 
subset of X. Ord denotes the class of ordinals less than /, while Or<P the class 
of ordinals less than the next epsilon number ej+i to /. 

For admissible ordinals a and X C icr, IIull^^(X) denotes the S„-Skolem 
hull of X over L^, cf. [7]. F = F^"{y;a,X) denotes the Mostowski collapsing 
F : Hull^ (X) o of Hulls (X) for a 7. When ct = /, we write F^"{y) for 
F^-{y;I,X). 

In what follows n > 1 denotes a fixed positive integer. 

Define simultaneously by recursion on 'ordinals' a < £/+i, the classes Ha.niX) C 
Lej^j {X C Ord'), and the ordinals V&K.na G R'^) as follows. 
Ha.n is an operator in the sense defined below. 

Definition 2.1 By an operator we mean a map H, H : ViOrd^) V{Lej^^), 
such that 

1. yx c Ord^[x c n{x)]. 
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2. vx,y c Ord^[y c nix) ^ h{y) c n{x)]. 

For an operator H and 9, A C Ord' , n[e]{X) -.^ n{XUQ), and n[e][A] := 

(7^[e])[A], i.e., n[e][A]{x) = n{x u e u a). 

Obviously 7^ [6] is an operator. 

Definition 2.2 Ha.7i{X) is a Skolem hull of {0, /C,/} UX under the functions 
+, a t-^ oj", K t-^ (k G i?), ^K.ri fa (k € R^), the Skolem huUings: 

a: Hu11s„ (a: n /) 

and the Mostowski collapsing functions 

X = \l/«,„7 ^ jfu'{K} e ^) 

and 

i. (Inductive definition of Ha.niX)). 
(a) {0,/C,/}UX C 7^a,„(X). 

^c; K G H„,„(x) n ({/C} UR)^K+ e H„,„(x). 
(^d; 7 G Ha,„(X) no ^ *7,„7 G n^nix). 

(e) If K G 'Hajn{X) n R, J e 'Ha,n{X) fl a and k G Hf^nin) , then 

*«,«7eHa,«(^). 

(7; 

Hui4(7^„,,(x) nL,) c n^^nix). 

Namely for any S„-formula ip[x,y\ in the language {g} and param- 
eters a C 'Ha,n(,X) n L/, if & G Lj, Lj \= ip[b, a] and Lj |= 3!x a] 
, then 6 G HL,n{X). 

(g) If K G na,„{x) n i?, 7 G na,n{x) n a, x = *„,„7 G TiaAX), n G 
H^,„(k) and 5 G (Hull^^(xU{K})U{/})n7^„.„(X),, then ^^.'Jj^jl^) G 

(X). 

f/ij If 7 G na,n{X) n a, X = */,„7 G Ua^X), and (5 G (Hull^ (x) U 
{/}) n 7{a,„(X), then G 7^a,„(X). 

^. (Definition of vI/^ „q). 

Assume k G i?^ and k G 'Ha.n('*)- Then 

*„,„a := min{/3 < k : k G 7^a,«(/3), 7^a,n(/3) n k C /?}. 
The classes M/i"[0] are defined for n < a < e/+i, and C/m (/C + 1). 
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Definition 2.3 {Mhf^[Q]) 

Let e C fin {IC + 1) and /C > tt e Reg. Then 

7reM/i,^[e] :^ 7^a.n(7r) n/C C TT&a e 7^„,„[e](7r) 

& Ve e He,„[e U {7r}](7r) n a[7r £ M{Mhi[e U {tt}])] 

where G H^^rJO U {7r}](7r) n a[- • •] is a short hand for < a[( e 'H^,n[Q U 
{7r}](7r) n a ■ • •]. 

M/i^ := Mh^^[{lC}] = M/i"[0]. 

In the fonowing ProDOsition l2.4[ let Ord^ and <^ arc A-predicatcs such that 
for any weUfounded model M of KPw, <^ is a well ordering of type on 
Ord'^ for the order type / of the class Ord in M. [a;„(/ + 1)] G Ord^ denotes 
the code of the 'ordinal' a;„(/ + 1), which is assumed to be a closed 'term' built 
from the code [/] and n, e.g., \a] = (0,a) for a G Ord, = (1,0) and 
K(/+l)l = (2,(2,...(2,(3, [/], (0,1))) ••■)). 

is assumed to be a canonical ordering such that KPcj proves the fact that 

is a linear ordering, and for any formula and each n < cj, 

KPcj h Va:(Vy <^ x ip{y) ip{x)) Vx <^ [w„(/C + l)l</j(x) (2) 

The following Propositions 12.41 and 12.51 are easy to see. 

Proposition 2.4 Each of x = 'Hq,„(/3) [a G Ord^ ,{3 < I), P ^ (k G 

and X = M/i"[0] is a Y,n+i-predicate as fixed points in 7.\- -\- {V = L) . 

Proposition 2.5 {a,y) H> 'Ha,n[^]{y) is weakly monotonia in the sense that 

a<a'AyCly'Ax = Ha,„[e](y) A x' = Ha'A'^Ky') x C x' . 

Also {a,y) ^ "Ha, «[©](?/) is continuous in the sense that if a ~ sup^gj a, 
is a limit ordinal with an increasing sequence {ai}i^i and y = Ujej^i ''^i^^ 
directed system {j/j-jj-gj, then 

a:^ = '«a,„[e](;3)AViG/VjG J(a^.,j=7^a„„[e](?/j))^.T= |J x,.j. 

iei.jeJ 

Let An{a) denote the conjunction of V/3 < /3!a::[a; = 'Hq, „(/?)], Vk G i?+Va;[K G 
X = -HaA^) ^ 3!/3(/3 = *,,„a)] and VG C/™ (/C + = Mh^lQ]]. 

The S„-|_i-formula On{x) in Theorem [LS] is defined to be 

Lemma [2.6131 shows Theorem ll.3111 

card{x) denotes the cardinality of sets x. 

Lemma 2.6 For each n,m < u, ZF + = L) proves the followings. 
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1- y = T-ia.n{x) — !> card{y) < niax{car(i(.T), Ho}. 

2. Va < Lo^{I + l)An{a). 

3. (/C is weakly compact)Ae C/„ (/C+1) ^ /C £ 7\//iJ^"*-^+^'[e]nA/(A//iJ^"*-^+^'[e]). 

Proof. 12.6121 We show that An{a) is progressive, i.e., Va < uJm{I + 1)[V7 < 
aA„(7) ^ A„(a)]. 

Assume V7 < q;A„(7) and a < a;,„(/ + 1). V/3 < /3!x[a; = Hq, „(/?)] follows 
from IH and the Replacement. 

Next assmne n £ i?+ and k G T-La,n{i^)- Then 3!/3(/3 = ^'k.jio) follows from 
the regularity of k, and Proposition [53] 

3!a;[x = Mft,"[9]] is easily seen from IH. 

12.6131 Suppose /C is IlJ-indescribable. We show 

B„(a) :^ Ve C/,„ (/C + £ 7^a,„[e](/C) ^ /C £ M/i«[e] n Af(Af/i^[e])] 
is progressive in a. 

Suppose < aBn{C)^ © C/in [K. + 1) and a £ 'Hq,,i[0](/C). We have 
to show that M/i"[9] meets every club subset Co of /C. /C £ Af/i"[0] fol- 
lows from /C £ 7l/(A//i"[8]), cf Proposition 12.9121 We can assume that Vtt £ 
Co((?^a,n(7r)n/C C 7r)Aa £ 'Ha,„[e](7r)) since all of {tt < /C : 'Ha,„(7r)n/C C tt} 
and {tt < AC : a £ 7^a,n[0](7r)} are club in /C. 

BylHwehaveVC £ •Hj,„[e](/C)na[/C £ A/(A//i| [6])]. Since Vtt < /C[card(-Ha,„[eu 
{7r}](7r)) < tt], pick an injection / : Ha,„[e U {/C}](/C) A: so that /"Ha,„[eu 
{7r}](7r) C TT for any weakly inaccessibles n < IC. 

Let Ro = {/(a)}, i?i = Co, R2 = {/(O : C £ 7^4,„[e](/C) n a}, R3 = 
U{(Af/i«[euM]n/C) x {/W} x {/(e)} : ^ £ Hj,„[e](/C)na,^ < /C}, and 
^4 = {(/(/?), /(7)) : {/3,7} C naAeu{IC}]i)C),/3 < 7}. 

Then (Vk;, £, Ri)i<4 enjoys a n}-sentence saying that IC is weakly inaccessi- 
ble, Ro ^ 0, i?i is a club subset of K. and 

VCxlub yx,y[R2{x) Ae{R4„y) C n {a : i?3(a, y, a;)} 7^ 0] 

where 9{R4,y) is a S]}-formula such that for any tt < /C 

V^^0{Ri,y)^y = fi7r) 

Namely 6'(i?4, y) says that there exists a function G on the class Ord of ordinals 
such that 

V/3,7 £ Ord[{l3 < 7 o i?4(G(^),G(7))A(G(/3) < y)]AVz(i?4(^, y) ^ 3/3 £ Ord(G(^) = z 

By the n}-indescribability of IC, pick a tt < IC such that (V^, £, Ri D K-)i<4 
enjoys the n}-sentence. 

We claim tt £ Go H Mh"[Q]. tt is weakly inaccessible, f{a) £ 14- and Go is 
club in TT, and hence tt £ Go. It remains to see £ H^.n[6 U {7r}](7r) n a[TT £ 
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M{Mhl[QU{TT}])]. This follows from the fact that (p holds in (14, e, i?,nK)i<4, 
and e Hj,„[e U {7r}](^) n a(/(e) G K) by /"Ha,„[e U {7r}](^) C n and 
7^5,46 U M](7r) cHe.„ [9] (/C). 

Thus /C e M(A//i^[e]). □ 

Definition 2.7 H{n) denotes a subset of 'H(^„(/+i),n(0) such that every ordinal 
is hereditarily less than cj„(/ + 1). 

This means a S a < a;„(/ + 1), etc. 

Corollary 2.8 For each n < u, 'H{n) is well-defined in ZF + = L). 

In the rest of this section some elementary facts are established. 

Proposition 2.9 1. ae •Ha,„[e](7r) & tt G Mh<^[Q U {p}] => n e Mh^[e]. 

2. t: € M{Mhf^[e U {tt}]) ^ tt G A//i^[e U {tt}]. 

5. TT e A//i^[e]&C G 7^c,„[e U {7r}](7r) Ha ^ n e MhHO U {tt}], a«d 

TT e M/i^[e]&c G 7^4,„[e](7r) na ^ TT e A//ii[e]. 

Proof. 12.9121 This is seen from Proposition 12 .91 11 

1^:^ This is seen from Proposition !^:^ □ 

In the following Proposition l2.10[ we show that if /C 6 Mh^^ for n > 1, then 
is a greatly Mahlo cardinal in the sense of Baumgartner- Taylor- Wagon [9]. 

7\jf" {a < /C+) denotes the set of a- weakly Mahlo cardinals defined as follows. 
M° := RegnlC, M"+i = M{M°'), = f]{M{M°') : a < X} for limit ordinals 
A with c/(A) < /C, and A{M(M^') : i < IC} for limit ordinals A with 

c/(A) = /C, where supj^;;^ A^ = A and the sequence {Xi}i<cK is chosen so that it 
is the <i-minimal such sequence. 

In the last case for tt < /C, tt G 4^ Vi < t:{tt G M{M^')). 

Proposition 2.10 For n > 1 and a < IC, the followings are provable in ZF + 
{V = L). 

1. aeeA7reM/i^[e]ncrAaGHulls^({a,cr+}U7r)ncr+ ^ tt £ Af". 

2. a e A//i^^[e] ^ Va < cr+(cr G M{M°')). 

3. The class of the greatly Mahlo cardinals below IC is stationary in IC if 
IC G M/i^+i. 

Proof. I2.10lll bv induction on a < cr+. Suppose cr G 6, tt G Mh^[Q] (1 a and 
a G Hull^^ ({cr, CT+} U tt) n 0-+. 

First consider the case when cf{a) = a, and let {ai}i<(j be the <i-minimal 
sequence such that supj^^. = a. Then {ai}i<o- G Hull|;^ ({a, cr}) C HuU^^ ({cr, cr+}U 
tt). For i < TT, a, G UuW^^Ha, a+} U tt) n a C Ha,,„[6 U {7r}](7r) n a by 
cr G e. TT e A//i"[e] yields tt G M{Mhf^'[e U {tt}]). Now for a club subset 
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C in TT, pick a p < tt such that p G C n M/i"' [9 U {tt}]. We can assume that 
ai G Hulls^ ({cr, cr+} U p) by a, £ HuU^^ ({cr, cr+} U tt). Thus IH yields p G M"-, 
and hence tt G M(M"^) for any i < tt. 

Second consider the case when cf{a) < a. Then cf{a) G Hull|;^ ({a}) H a C 
Hun£^({cr,cr+} U tt) n cr C Ha,„[{cr}](7r) H cr C tt by tt G A//i^[e] and cr G 6. 
Thus cf{a) < TT. Pick a cofinal sequence {ai}i<cf{a) G Hull^^ ({ct, cr+} U tt). 
Then for any i < cf(a) < tt we have ai G Huhl;^ ({cr, cr"*"} U tt) n a, and hence 
TT G M{Mh°'[e U {tt}]). As in the first case we see that tt G M{M"') for any 
i < cf{a). 

Finally let a = /3 + 1. Then p G HuU^^ {{a, ct+} U tt) together with IH yields 

TT G M{M(^). 

12.10121 Suppose cr G A//i^^[e] and 3q < (t+((t ^ M{M'^)). Let a < cr+ be the 
minimal ordinal such that ct ^ M(M"), and C be a club subset of cr such that 
CnM" = 0. Then a G Hulls, ({cr,cr+}) n cr+ C ?^a,„[e U {cr}](CT) n cr+. By 

cr G Mh^^ie] we have cr G M(M/i^[eu{o-}]). Pick a tt G CnM/i^[eu{CT}] Oct. 
Proposition 12. lOfD viclds tt G M". A contradiction. 

12.10131 If /C G then /C G M{Mh^). Let cr G n /C. Then cr+ G 

■^^T+^nilcrlKo-) n /C, and hence a G M(M/i^^ [{cr}]). Proposition ESH yields 
cr G M/i^^ [{cr}]. From Proposition 12.10121 we see that cr is greatly Mahlo. □ 

3 A theory for weakly compact cardinals 

In this section the set theory Zf + {V = L) + [K, is weakly compact) is para- 
phrased to another set theory T(/C,/) as in j7]. 

Let JC be the least weakly compact cardinal, and I > K, the least weakly 
inaccessible cardinal above K,. k. A, p ranges over uncountable regular ordinals 
such that AC < K, A, p < /. 

In the following Definition 13. 2[ the predicate P is intended to denote the 
relation 

P(A,.T,y) ^ X = F^^^^^{X)ky^ F^^ixyi^) ■= ^MF^^^.y) n Ord 
and the predicate Pi^n{x) is intended to denote the relation 

Pl^n{x)^X^F^-{I). 

Definition 3.1 1. Let X = ATq, . . . ,Xn-i be a list of unary predicates. A 
stratified formula with respect to the variables x = Xq, . . . ,Xn-i is a for- 
mula ip[x] in the language {g} obtained from a (first-order) formula (p[X] 
in the language {g} by replacing any atomic formula Xi{z) by z G Xi 
for i < n. 

2. For a formula ip and a set x, (p^ denotes the result of restricting every 
unbounded quantifier 3z,Vz in ip to 3z £ x,\fz G x. 
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5. a G Ord V.t G a\fy G x{y G a) A Va;, y G a(x Gy\/x = y\/yGx), and 
by a < /3 we tacitly assume that a, /3 are ordinals, i.e., a < P {a, /3} C 
Ord A a G /3. 

Definition 3.2 T(/C, /, n) denotes the set theory defined as follows. 

1. Its language is {g, P, Pi,n, Rsg, A^} for a ternary predicate P, unary pred- 
icates P/.n and Reg, and an individual constant ]C. 

2. Its axioms are obtained from those of Kripke-Platek set theory with the ax- 
iom of infinity KPw in the expanded language, the axiom of constructibil- 
ity, V = L together with the axiom schemata saying that 

(a) the ordinals k with Reg^n) is an uncountable regular ordinal> /C 
{Reg{K) K. < K e Ord) and {Region) -> a G Ord n k -s- 
3a:;, y G OrdC\K[a < xAP{k, x, y)]), and the ordinal x with P{k, x, y) 
is a critical point of the Si elementary embedding from an Ly = 
Hull^^ {x U {k}) to the universe Lj {P{k, x, y) — > {a;, y} C Ord Ax < 
y < K A Reg{K) and P(k, x,y) ^ a Q Ord n x — ?► (^[k, a] ip^ [x, a] 
for any Si-formula (p in the language {g}), 

(b) there are cofinally many regular ordinals (Va: G Ord3y[x > /C — > y > 
xARegiy)]), 

(c) the ordinal x with P/,n(a:) is a critical point of the I]„ elementary 
embedding from = Hull2^(a;) to the universe Lj (Pj^nix) — > x G 
Ord and Pi^n{x) — !• a G OrdDx -> (/^[a] ^ (^^[a] for any E„-formula 
if in the language {g}), and there are cofinally many such ordinals 
X (/C < a G Ord 3x e Ord[a < x A P/_„(a;)]), 

(d) the axiom % is uncoimtable regular' 

'/C is uncountable regular ' (/C > 

A Va < /CV/ G "/C3/3 < /C(/"a C /3) 

and the axiom saying that VP C /C[/C G M{B) 3p < IC{a G 
M{B) AReg{p))], which is codified by the following ©. 

VP G Lk+ [P C /C ^ -t(P, /C) -> 3p < /C(-t(P, p) a Pe5(p))] (3) 
where 

t(P, p) :^ 3C C pUC is club)" A P n C = 0) (4) 

where (C is club)'' is a formula saying that C is a club subset of p. 
Namely t{B,p) says that the set P is thin, i.e., non-stationary in p. 
Note that (C is club)" A P n C = is stratified with respec to P, C, 
and t(P, p) is stratified with respec to P. 

The following Lemma 13.31 is seen as in [7] . 

Lemma 3.3 T(/C,/) IJ^^g^ T(/C, /, ri) is equivalent to the set theory ZF + 
(F = P)+K. 
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4 Operator controlled derivations for weakly com- 
pact cardinals 

In this section, operator controlled derivations are first introduced, and infer- 
ences (Refytc) for IlJ-indescribability are then eliminated from operator con- 
trolled derivations of E2"Sentences Lp^^ over K.. 

In this section n denotes a fixed positive integer, and we will work under the 
assumption /C G Af/iSj^"'^^^-* over ZF + = V). We tacitly assume that any 
ordinal is in 'H(n). 

4.1 Classes of sentences 

K ^ L ^ Li = UaGOrd deuotes a transitive and wellfounded model of 
ZF-I- = i), where Lq+i is the set of ia-definable subsets of La- Ord denotes 
the class of all ordinals in L, and / the least ordinal not in L, while Ord'^ denotes 
the codes of ordinals less than a;„(/ + 1). 

Definition 4.1 For a <E L, rki(a) denotes the L-rank of a. 

rkL(a) := min{a G Ord : a G L^+i}- 

If a G 6 G L, then a G & C -L^g for /3 = rki(&) and a G Lp. Hence rkL(a) < /3 = 

The language Cc is obtained from {g, P, Pi,n, Rsg, A^} by adding names (individual 
constants) Ca of each set a £ L. Ca is identified with a. 

Then formulae in Cc is defined as usual. Unbounded quantifiers 3a;, Vx are 
denoted by 3x G Li,\/x G Lj, resp. 

For formulae A in Cc, qk(^) denotes the finite set of i-ranks rkL(a) of sets 
a which are bounds of 'bounded' quantifiers 3a; G a, Va; G a occurring in A. 
Moreover k{A) denotes the set of L-ranks of sets occurring in A, while k^{A) 
denotes the set of i-ranks of sets occurring in an unstratifed position in A. 
Both k{A) and k^{A) are defined to include i-ranks of bounds of 'bounded' 
quantifiers. Thus qk{A) C k^{A) C k{A) < I. By definition we set G qk(yl). 

In the following definition, Var denotes the set of variables and set rki(a;) := 
for variables x G Var. 

Definition 4.2 1. k{^A) = k{A) and similarly for k^,qk. 

2. qk(Af) = {0} for any literal M. 

3. k^(M) = k(A/) = {rki(t) : t G U {0} for literals Q(t) with predicates 
Q e {P,Pi,n,Reg}. 

I k{t G s) = {rkL(t),rkL(s),0} and k^{t G s) = {rkL(i),0}. 

5. k{Aa V Ai) = k{Ao) U k{Ai) and similarly for k^, qk. 

6. For t G LiU{Li}LlVar, k{3x G tA{x)) = {rkL(t)}Uk(yl(x)) and similarly 
for k^, qk. 
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For example k^{a 6 6) = {rki(a),0}, and qk(3.T 6 aA{x)) = {rki(a)} U 
qk(A(.T)). 

Definition 4.3 1. A € Aq iff there exists a Ao-formula d[x] in the language 
{g} and terms t such that A = 9[t]. This means that A is bounded, and 
the predicates P, Pj^m Reg do not occur in A. 

2. Putting So '■= IIo := Aq, the classes Em and n,„ of formulae in the lan- 
guage {g} with terms are defined as usual using quantifiers 3x G Li,\/x G 
L/, where by definition E™ U Ilm C E^+i H 11^+1 • 

Each formula in E„j U n,„ is in prenex normal form with alternating un- 
bounded quantifiers and Ao-matrix. 

3. A £ Ao(A) iff there exists a Ao-formula 9\x\ in the language {g} and 
terms Tsuch that A = 9\i^ and k{A) < A. 

4. Ae El (A) iff cither A G Ao(A) oi A = 3x e LxB with B G Ao(A). 
Note that E(A) C Ao for any A < /. 

5. The class of sentences Em(A), nm(A) (m < w) are defined as usual. 

6. Eq(A) denotes the set of first-order formulae on L\, i.e., Ej(A) Umew 

Note that the predicates P, Pi^n, R&g do not occur in E,„-formulae nor in 
Eo(A)-formulae. 

Definition 4.4 A set E^"+i(A) of sentences is defined recursively as follows. 

1. E„+i C E^"+i(A). 

2. Each literal including Reg{a), P{a,b,c), Pi nia) and their negations is in 
E^"+i(A). 

3. E^"+i(A) is closed under propositional connectives V, A. 

I Suppose \/x G bA{x) ^ Ao. Then Vx e bA{x) G E^"+i(A) iff A{9) G 
E^"+i(A) and rkL(6) < A. 

5. Suppose 3x G bA{x) ^ Ao. Then 3x e bA{x) G E^"+i(A) iff A{9) G 
E^"+i(A) and rkL(6) < A. 

Definition 4.5 Let us extend the domain dom{F^^^^^y) = Hull^^(a; U {k}) of 
Mostowski collapse to formulae. 

dom(F^J^^j) = {A G El U Hi : k{A) C Hull^^(a: U {«})}. 

For A G dom{F^^^^y) ^^^{-^j"^ denotes the result of replacing each constant 7 
by F^i]^f^yil), each unbounded existential quantifier 3z G £/ by 3z G i^sj ^^j, 
and each unbounded universal quantifier Vz G L/ by Vz G i^si .^x. 



12 



For sequent, i.e., finite set of sentences T C dom{F^^^^y), put ^^.J^^-j'T = 

Likewise the domain dom{F^") = Hull^^(a::) is extended to 
dom{F^^) = {yl e I]„ U n„ : k{A) C Hull^Jx)} 

and for formula A G dom{F^"), F^"'' A, and sequent T C dom{F^"), F^""T 
are defined similarly. 

Proposition 4.6 For F = F^^][^y,F^" and A G dom{F) 

Li^A^ F"A. 

The assignment of disjunctions and conjunctions to sentences is defined as 
inH. 

Definition 4.7 1. If M is one of the literals a ^ b,a ^ b, then for J := 



V(A,)teJ if M is false (in L/) 
if M is true 



^. (Ao V Ai) :~ V(A,).GJ and (^o A Ai) - A(A).eJ for J := 2. 
5. 

Reg{a) :~ \/(a = a),,gj and ^Reg{a) :~ /^(a 7^ a),(zi 

with 



J := 



1 if a £ i? 
otherwise 



P(a, &, c) :~ = «)te J and -'P(a, &, c) :~ l\{a ^ a),g,/ 



with 



^ _ r 1 if a G i?&3a e Orde[& = *a.na&a G ■Ha(&)&c = F^^^^^j(/)] 
\ otherwise 

5. 

Pi,n{°) \/{a = a)t,(zj and ^Pi,n{a) :^ /\(a 7^ a),gj 

with 



J := 



1 if 3a G Ord^ [a = */.„a ka^Ua (a)] 
otherwise 
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6. Let 3z G b0[z] S S„ for b E Lj U {Lj}, and assume that there exists an 
ordmal a in the set k(3z e ^^[2]) such that a > /C+. Then for the set 

^iz eb 9[z] := mm{d : {d e b A 9[d]) V {^3z ebe[z]Ad = 0)} (5) 

<L 

with a canonical well ordering </, on L , and J = {d} 

3zebe[z] :~ \/{debAe[d])deJ (6) 
VzG&-6l[z] — /\{deb^^e[d)de.j 

where d 6 6 denotes a true literal, e.g., d ^ d when b = Lj. 

This case is applied only when 3z G b9[z] is a formula in {g} U L/, and is 
either an unbounded S^-formula or a bounded formula having a constant 
whose L-rank is larger than K,^ . 

7. Otherwise set for a E Lj Li {Lj} 

3x e aA{x) :~ \/{A{b))teJ and V.t e aA{x) :~ /\{A{b))b(zj 

for 

J := {6 : 6 G a}. 

This case is applied if one of the predicates P, Pi,n, Reg occurs in 3x G 
aA{x) , or 3a; G aA{x) ^ S„, or 3x G aA{x) G I]j^(/C+). 

In particular we have 

-^t{B,IC) — /\{C5Z^/CV-(Cisclub)'=VBnC7^0:CGLK+} 
r(S,/C) :~ Y{Cc/CA(Cisclub)'^ASnC = 0:CGiK;+} 

where 

r(S,p) :^3CCp((Cisclub)''ABnC = 0) (|1J) 

The definition of the rank rk(A) of sentences A in [7| is slightly changed as 
follows. The rank rk(A) of sentences A is defined by recursion on the number 
of symbols occurring in A. 

Definition 4.8 1. rk(^A) := rk{A). 

2. rk(a G b) := rk(a ^ b) := 0. 

3. Yk{Reg{a)) := rk(P(a, /?, 7)) := rk(P7,„(a)) := 1. 

4. rk(Ao V Ai) := max{rk(Ao), rk(Ai)} + 1. 

5. Tk{3x G aA{x)) := max{i:ja, rk(A(0)) + 2} for a = rkL(a). 
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Proposition 4.9 Let A ~ \/(^t)teJ or A~ /\{A,),fzj. 
1. Ae S^"+i(A) ^ Vt G J{A, e S^"+i(A)). 

^. For an ordinal X< I with ojX = A, rk(A) < A =^ A £ i;^"+i(A). 
5. rk(A) < / + 

.i^. rk(A) is in the Skolem hull of ujqk(A) U {0,1} under the addition with 
wqk(A) = {uja : a G qk(A)}. 

5. Vi G J(rk(A,) < rk(A)). 

Proof. 14.9151 This is seen from the fact that a eb e L ^ i'^L{a) < rkL(6). □ 

4.2 Operator controlled derivations 

At, A, (T, TT ranges over . 

Let ?^ be an operator, & a finite set of ordinals, k G , T a sequent, 
a G Ord'^ and < / + w. We define a relation (7^, 9, k, n) F, which is read 
'there exists an infinitary derivation of T which is (k, n)-controlled by H and 0, 
and whose height is at most a and its cut rank is less than b\ 

Recall that R denotes the set of uncountable cardinals p such that K, < p < I, 
and A > in the inference rules (Pa) and (F^^^|j^|). 

Sequents are finite sets of sentences, and inference rules are formulated in 
one-sided sequent calculus. 

Definition 4.10 



and one of the following cases holds: 

(V) A ~ \I{A, : L e J} , A e T and for an t G J, a(t) < a and rkL(t) < k =^ 
rkL(i.) < a 




k^(A) ifAGSi(/C+) 
k(j4) otherwise 



Definition 4.11 {%, 8, k, n) T holds if 



kf (r) \J{k^{A) : A G r} C H H(0) & a G ^[9] 



(7) 



(V) 



(/\) A ~ A{A : i G J}, A G r and a(t) < a for any t G J 



{(7^[{rk^(0}],e,At,n) T,Ar.LeJ} 

(■H,e,K,n) r 



(A) 
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(cut) rk(C) < b and an ao < a 



cut) 



(Pa) a < a e and {3x < X3y < A[q; < a; A P(A, x, y)]}UTo = T 

(Pa) 



3a; < X3y < X[a < x A P{X, x, y)], Tq 



(^kuU>) A e i? and x e H[9] where for some b 



a;U{A} 



If r = A U (^^^iu^'To), To C Si, ao < a and 



k(ro) cHul4((7^nx)U{A}) 

then 

{n,Q,n,n) h°° A, To ^ 
(H,e,..,n)hgA,F^^^^,j"ro ^^^'^ 
where F^^^-^^ denotes the Mostowski collapse F^t]s^x} '■ Hullg^ (a; U {A}) o 

(P/^n) a < / and {3a; < /[a < a; A P/.„(a;)]} U To = T 

3a;</[a<a;AP/,„(x)],ro 

(F^") Let 

X = */^„6 e n[e]. 

If r = A U (Pf "'To), To C S„, ao < a and 

k(ro) c RuiV^jnnx) 

then 

(-^,e,/t,n) h°° A, To 
(H,e,K,n)h^ A,Fj^"'To ^ ""^ 
where Fj"" denotes the Mostowski collapse F^" : Hull|; (x) o Lps^f^^y 

(Refyc) If max{a£,ar} < a, and B C IC, B e HuU^^ ({/C, /C+}), then 

(7^, e, K, n) h"^' r, ^r(B, /C) (H, 6, k, n) h^'' T, Vp < /C r(B, p) 



where 



(Ref^) 



t(B, p) 3C C p(C is club)" A B n C = 0) (g]) 
which is stratified with respec to B . 
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Proposition 4.12 (H, 6, k, n) T & A < k ^ {H, 9, A, n) T. 

We will state some lemmata for the operator controlled derivations with 
sketches of their proofs since these can be shown as in [TU] and [?]■ 

In what follows by an operator we mean an H^IQ] for a finite set Q of 
ordinals. 

(■H,K,n) r :^ {H,9,K,n) h^J T 
Lemma 4.13 (Tautology) 

(H[kf(A)],/,n) h^+2rk(A) T,^A,A. 
Lemma 4.14 (Ao(/)-completeness) IfTc Ao(/) and \/r is true, then 

(H[kf(r)],/,n) h^+^'-kiHr 

where rk(r) = rk(Ao)# • • ■ #rk(A„) for T = {Aq, . . . , A„}. 
Lemma 4.15 (Elimination of false sentences) 

Let A be a false sentence, i.e., Lj ^ A, such that k{A) C Hull|;^((/C + 1) U 
{/C+})n/C+. Then 

(n, 8, K, n) r, A => CH, e, k, n) hi V. 

Proof. Consider the case when A is a main formula of an (F^,^|-^+j) with 
X > IC. We have F^i^^](^+-ji<^) = o. for any a with rki(a) < x. 

We claim F^^^^+^'' A = A. Let h e k{A). Then rkL(6) G HuU^^((/C + 1) U 
{/C+}) n /C+ C Hull^^(a- U {/C+}) n /C+ C .T. Hence (^) ^- ° 

Lemma 4.16 (Embedding) 

Jbr each axiom A in T(/C, /, n), there is an m < lu such that for any operator 
H 

{'H[{JC}],I,n) hf" X is uncountable regular ' A. 

Proof. 

The axiom for 11 j -indcscribability 

\fB e [S C /C ^ -r(S, /C) ^ 3p < /C(-t(B, p) A i?e.g(p))] © 

follows from the inference rule (Refj<;) and — A(-^ C /C ^ -^t{B,JC) 
3p < IC{^t{B, p) AReg{p))BeL^+ for B -.^ pB e Lk:+ {B C /CA-t(B, /C) AVp < 
/C(i?e5(p) ^ t(B, p))) e Hull^^ ({/C, /C+}). □ 
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Lemma 4.17 (Inversion) 

Letd = IJ.Z e bA[c,z] for {3z e bA) e S„ \ I]j^(/C+). 

{n,e,K,n) r, 3z g & a[c, z] (h, e, n) r, d e 6 a a[c, d] 

and 

{n, e, K, n) r, Vz e 6 -^a[c, z] =^ {n, e, n) r, d e 6 ^ ^a[c, d] 

Lemma 4.18 (Reduction) 
Let C ~ V(CJ.GJ- 

1. Suppose C ^ {Elx < X3y < X[a < x A P(A,x, y)] : a < A e i?} U {3a; < 
I[a <x A P/,„(.t)] : a < I}. 

Then 

[H, e, K, n) hjf A, & CH, n) C, r & < rk(C) < c ^ {H, 9, n) h° 

2. Assume C = {3x < X3y < X[a < x A P{X, x,y)]) for an a < X ^ R and 
Then 

n) r, ^ inp+i,K, n) r 

3. Assume C = {3x < I[a < x A Pi_n{x)]) for an a < I and p G T-ip- 
Then 

{nfi,K, n) r, -.c ^ inp+i,K, n) r 

Lemma 4.19 (Predicative Cut-elimination) 

1. {n, K, n) h;!+^„ r & [c, c + a;'^[n({A + 1 : A £ i?} U {/}) = & a G H ^ 
{'H,K,n) h^'"*' r. 

2. For XeR, {H^,K, n) T & 7 G & ^ (^7+6, n) 'r'{_^^ T. 

3. {H^,K,n) hj_^i r&7 G 7^7& ^ {n^+b,K,n) 'rf T. 

^c+uj- r & max{a, b,c} < I ka eH^ ^ {Ti-y+^ab, k, n) h^"'' T. 

Definition 4.20 For a formula 3x ^ dA and ordinals A = T'ki{d) G R^,a, 
(3x G d A)^^^'"^ denotes the result of restricting the outermost existential quan- 
tifier 3x € d to 3x G La, {3x G dA)P^f") ee (3a; G A). 

In what follows F^^ x denotes F^\^ when A G -R, and Fj"" when X = I. 

Lemma 4.21 (Boundedness) 

Let X G C = (3x G d A) and C ^ {3x < X3y < X[a < x A P{X, x, y)] : a < 
A G i?} U {3x < L[a < X A -P/,n(a;)] : a < /}. Assume that rk(C) = A = rkL(d). 
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1. 



(7^, e, A, 7i) A, C & a < & e 7^ n A ^ {H, 6, A, n) A, C^^^^\ 

2. 

{H, e, K, n) A, & 6 e H n A ^ {H, 9, k, n) A, -n{C^^^^''^). 

The following Lemma 14. 22f Collapsing down to /) is seen as in Lemma 
5.22(Collapsing) of [7]. 
Recall that 

Lemma 4.22 (Collapsing down to /) 

Suppose 7 e H^^„[9] wit/i 6 C H-y ^n{'^ i .n^) , and 

F C 

r/ien /or a = 7 + w"'^"'"" 

(7^^.„[e],/,n) F ^ (Ha+i,„[e],/,n) h*;-^ F. 

Proof by induction on a. 

First note that 4'7,„a £ 'Ha+i,n[0] = 'Ha+i,Ti(0) since = 7 + G 
H^,„[6] C Ha+i,n[0] by the assumption, {7,0} C H^^niQ]- 

Assume (H^,„[e][A],/,r7,) hf^-^ Fq with A C ■H^,„(*/,„7). Then by 7 < a, 
we have do G 7{^.„[6][A] C T-L^ ;n{^ i .nl) C 'Ha,n{'^ i,no)- This yields that 



Third we have 



ao < a ^ */,„ao < *7,na (8) 
Second observe that kf (F) C H^.niO] C "Ha+i.niO] by 7 < a + 1. 

kf (F) C H^,„(*/,„7) (9) 



Case 1. First consider the case: F 9 ^ ~ : t G J} 

{(7^^,n[eu{rkL(0}],/,n) V-fl\ F,A, : /. £ J} 



(A) 



where a(t) < a for any t G J. 
We claim that 

ViG J(rkL(0eH^,„(^'/,„7)) (10) 

Consider the case when A = \lx ^ b -^A' . There are two cases to consider. First 
consider the case when J = {d} for the set d — fix G b A' . Then k^(A) = 
k{A), and t = rf = {fix G b A') G Hulls„(k(A)), and rkL(0 G HullsJk(A)) C 
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'H7,n(^'/,ri7) by (O- Otherwise we have J = b and either A <E and 
b G Ljc+Li{LK;^+}, orrki(6) < /. In the second case we have & e k(yl) = k^(^) C 
^7,"[®]- -"-^ the first case each o G b has L-rank rki(i) < /C+. On the other 
hand we have /C+ € 'H^,„(*/,„7) n / C ^'/,„7 by / > /C+. Thus rki(i) < 5'/,„7. 
In the second case we have rki(i) < rki(6) S 'H-y.„(5'/,„7) n / C 5'/,n7 by 
rki(6)</. 

Hence pO|) was shown. 

SIH yields 

^ {=^^,(0}],/,.) r, A : . e J} 
1__ li^^^ii^ (/y) 

(Ha+i,„[e],/,n) h*;;;;^r 

for a(t) = 7 + since */_„a(t) < ^'/,„a by (0). 

Case 2. Next consider the case for an A ~ V{^' : i G J} G F and an t G J 
with a(i) < a and rkL(t) < I ^ rki(t) < a 



(V) 



Assume rki(t) < /. We show rki(i) < ^'/.„a. By ^'/.„7 < ^/.„a, it sufhces to 
show rki(i) < 5'/,„7. 

Consider the case when A = 3x E bA'. There are two cases to consider. 
First consider the case when J = {d} for the set d = /ix G 6 A'. Then k^{A) = 
k{A), and t = d = {px G bA') G HullsJk(A)), and rkL(t) G HunsJk(A)) C 
)^7,n(*/,n7) by dSl). If rkL(i) < /, then !?kL(t) G ?^7,„(«'/,„7) n / C ^/,„7. 

Otherwise we have J ^ b, and cither A G S]q(/C''') and b G U 
or 6 G k(j4) = k^(j4) C H-^^ni'd]- In the second case we can assume that 
i G k(A,) = kf (^,) c Hj^nlQ]- Otherwise set l = 0. 

In the first case each t G 6 has L-rank rki(i) < /C+. On the other hand we 
have /C+ G Hj^ni'^i^nl) O I C */,„7 by / > /C+. Thus rkL((.) < */,„7. In the 
second case we have rkL(t) < rki(6) < /, and rki(i) G 'W7,n(^'/,n7)n/ C 'I'/,n7. 

SIH yields for ^(7) = 7 + oj'+^i'^ 

C^-n^i [e],/,n) h*''"^^ 
(Ha+i,„[0],/,n) 

Case 3. Third consider the case for a.n qq < a and a C with rk(C) < I + 1. 

(H^,„[0],/,n) hj:;, r,-c (i«^,„[0],/,n) h?;;,! c,r 



Case 3.1. rk(C) < /. 



(cut) 
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We have by ® kf(C) C 7^^,n (*/,„7). Proposition mH yields rk(C) G 
T^i ni^i n7) n / C „7 < „a. By Proposition g^H we see that {^C, C} C 

SIH yields for ao = 7 + oj''^''" 

(Hs5+i,„[e],/,n) h*;-| r,^c (Hs5+i,„[e],/,n) h|;-| c,r 

i^^^^^ , (cut) 

Case 3.2. rk(C) = /. 

Then C G C is either a sentence 3a; < I[a < x A P/^„(x)], or a 

sentence 3x G L/ with qk(yl) < /. 

In the first case we have (7{^+i,„[0], /, n) ^f^i P by Reduction 14.18131 and 
IH yields the lemma. 

Consider the second case. From the right uppersequent, SIH yields for oq = 
7 + w^+^n and /3o = "^i.nao G Ha;j+i,„[e] 

Then by Boundedness 14.21111 and /?o G Hg^+i.^JG], we have 

(Hs;j+i,„[e],/,n) cP^f^o)^r 

On the other hand we have by Boundedness 14.21121 from the left uppersequent 

(Ha5+i,„[e],/,n) h;"P,-(C(3^f^°)) 

Moreover we have -^{C'^^^^M) ^ SIH yields for oq < oi = oq + 1 + 

i^i+ao = ^ + ^i+ao ^i+ao < ^ + uj^+a = a and Pi = */,„ai 

Now we have at G 'Hai,n{^ i,na) and ai < a for i < 2, and hence /3o = ^i.n<M) < 
/3i = -Jf^ ^ai < ,^a."Therefore ik^C^^^^M) < < ^i^_„a. 
Consequently 

(Hjr+i,„[e],/,n) h^j r,-cP^fft') (Hs5+i,„[e],/,n) c(3^f^°),p 

("^"O 

(Hsj+i,„[e],/,n) h^;+^p 

Hence (na+i,n, I ,n) ^'I'^'ll P. 

Case 4. Fourth consider the case for an oq < a 

(H^,„[e],/,n) h°^, A,Po 
(H^^„[e],/,n)h?+iP ^ ' 

where P A U i^'To and either F = F^^^^pj, Po C Ei for some x and p, or 
F = F^" , Po C for an x. Then A U Pq C S„. SIH yields the lemma. □ 
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4.3 Elimination of IlJ-indescribability 

In the subsection we eliminate inferences (Refy^) for n}-indescribability. 

For second-order sentences on with parameters A <Z L^^ and ordinals 
a < TT, (^("''^) denotes the result of replacing second-order quantifiers 3X C 
LttjVX C Lt^ by 3X C La^'iX C La, first-order quantifiers 3x £ L^^^x G 
by 3x e La,^x e and the parameters ^ by A H Lq,. For sequents F, 

Proposition 4.23 Let F C n^(7r) for tt e M/i"[e]. ^sswme 

3e e -Hj.nie U {7r}](7r) n aip £ [6 U {7r}](F(''''^)). 
Then F is irae. 

Proof. By TT G MK[Q] wc have tt G Af(A//i« [8 U {tt}]) for any ^ G H^.^ie U 
{7r}](7r) n a. 

Suppose the I]|t(7r)-scntcncc Lp A ~'r := A{~'^ : G F} is true. Then the 
set {/9 < TT : i^f''"'^'} is club in tt. 

Hence for any ^ G ■H^,r, [6 U {7r}](7r) n a wc can pick a p G A//i|[6 U {tt}] 
such that if^P^'^'i . □ 

n^A^] n r e, /, n) f. 

Lemma 4.24 (Collapsing down to JC) 

Let 7 be an ordinal such that 7 G H-y^n- 

Suppose for a finite set Q of ordinals and an ordinal a 

where F consists of sentences -ir(_B,/C), (_B fl C 7^ 0), Vp < JCt{B,p) for a 
B <Z JC with B G Hull^^ ({/C, /C+}) and sets C G L/c+i such that C is a club 
subset of K,, and their subformulas: 

t{B, p) -.^ 3C c p{C is club)" A B n C = 0) © 
Then for ^ = 7 -f- a 

G M/i«[e]{hF("''^)}. 
which means that V(F(''''^)) is true /or any tt G M/i|[e]. 
Proof by induction on a. Let tt G and ^ = 7 -|- a. 

Case 1. First consider the case when the last inference is a (Ref^;): we have 
max{af,ar.} < a and B C K. with B G HuU^^ ({AC, /C+}). 
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n^,nm^l'T,MB,lC) [6] hg-^r, Vp</Cr(i?,p) 

H,,„[e] r 

We have 7+ar G 'W7^.n[0](7r)n^ by > 7 and < a. By Proposition 
UMlwith £,r e H^,.„[e](7r) we have n G Mhi-[e]. IH yields T^'^^'^) VVp < 
TrT{B,p). 

On the other hand we have :~ j + ae £ ^c«.n[0](7i') H ^. By IH we 
have for any p G M/i|^[e U {tt}] n tt, T^''''^) V -^t{B,p). Hence we have Vp G 
M/i«*[e U {tt}] n 7r{r(''''C) V r^'^''^)}. Proposition yields F^'^''^). 

Case 2. Second consider the case when the last inference introduces a H}(/C)- 
sentence -r(S, /C) with a. B CiC such that B G HuU^^ ({/C, /C+}). 

{n^^e U {rkL(C)}] F, C /C V -(C is club)'= V B D C ^ ill : C e L^+} 

where VC G LK.+ {a{C) < a) and -t(S, /C) ~ A{C <^ /CV-(C is club)'=VBnC ^ 
: C G Lk;+ }• For each C\C g^lCV -(C is club)'^ V B n C 7^ is stratified with 
respec to C. 
Let 

:= pC eK+[C CttA {C is club)'' A B n C = 0] 

Then ^[C^ C TT A (C^ is club)'' A B n = 0] =^ -t(B, tt) = (-r(S, /C))^''''^). 

We can assume that Cjr C tt A (C^r is club)''. Otherwise {^t{B, tC))^'"'^'^ and 
hence F^^'^^) V (-r(B, /C))^''''^) . 

Let 

C = {7 G /C : 3a;, zj < /C(7 = TT • X + ?/ A 2/ G U {0})} 

Then C is an L^i-definable club subset of /C, C G i^+i, and C G JnHuU^^ ({tt, 7r+, /C, B}) C 
Hull|^^ ({tt, 7r+, /C, /C+}) C "H-y^je U {tt}], and by inversion 

n^.n[<d U {tt}] hg^*^^ F, C /C, -(C is club)'^, B n C 7^ 
Eliminate false sentences C K, and ^(C is club)'^ by Lemma [4. 151 

IH yields for ^(C) = 7 + a(C), Vp G Mhi^^^Q U {tt}] n 7r{F(''''C) V (B n 
C 7^ 0)(''''C)}, where {B n C =^ 0)(''''^) = n n p 7^ 0) = ((B n C 7^ 
0)(7.,/c))(p,7r)^ Proposition 1123] yields F^''^'^) V (B n C 7^ 0)(''''C), and hence 
r(^,K;) V (^r(B, /€))("''=). 

Case 3. Third consider the case : F 9 (B n C 7^ 0) with B C IC, B & 
Hulls^({/C,/C+}) and a club subset C of /C. 
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where uq < a and d € K.. 

Then [BnC ^ 0)(^''^' o (B n C n tt ^ 0) and {{d e B) A (d S C))('^^'=) O 
(d e (-B n tt)) A (d e (C n tt)). IH with Proposition 12.9131 yields the lemma. 

Case 4. Fourth consider the case : T 3 ((d e B) A (d G C)) with B C K., 
B e Rulli^ {{IC, IC+}) and a club subset C of /C. 

H^,„[e] hg" r,d £ g H^,»[9] hg^ T,dec 

where ao, ai < a. 

IH with Proposition l2. 9131 yields the lemma. 

Case 5. Fifth consider the case: for a true literal M = (d e B), M G F. where 
B C K. such that cither B e Hull^^ ({/C, /C+}), or S is a club subset of /C, and 
dG /C. 

H^,„[e] hg F ^/^^ 

Then M^'^^'C) = (d G (-B n tt)) G pt'^^'^). 

It suffices to show d = rkL(d) < tt. We have by d G k^(d G B) n /C C 
Hj^n n /C C TT by TT G [6], i.e., by H4,„(7r) n /C C tt. 

Case 6. Sixth consider the case when the last inference introduces a ni(A^)- 
sentence Vp < ICt{B,p). 

{n,A{p}m ^t^'^ r,riB,p):p<IC} 
H^,„[e] hgF,Vp</CT(B,p) 

We haye for any p < n and ^(p) = 7 + a(p), G T~l-i{p),n[Q]{'^)- Proposition 

EMlyields TT G Mhi^''\e]. By IH we haye Vp < 7r{F('^''C) V r(S, p)}, and hence 
(F Wp < /C r(B, p))('^''=) with (Vp < IC t{B, p))('^^'=) = Vp < tt t{B, p). 

Case 7. Seycnth consider the case when the last inference introduces a Ao(/C)- 
sentence \/x G c(/7(x) G F for c G Lj^- 

{H,.„[{rk^(b)}][e] hg<^) F,^(fe):6Gc} 

Then 7 = rkL(c) G k^(F) n JC and hence 7 < tt as in Case 5. As in Case 6 we 
have by IH V6 G c(F(^-'C) V ip{b)) where Lp{b) = {ip{b)Y''''^\ Hence F('^^'C). 
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Case 8. Eighth consider the case when the last inference introduces a Ao(/C)- 
sentence 3x G cip{c) G F for c £ Ljc and 6 G c. 



As in Case 7 we see rki(c) < tt. IH with Proposition 12.9131 yields T^"'-'^' Vv3(6), 
and r('^''^). 



Case 9. Ninth consider the case when the last inference is an (F) where either 
^ = F^u{x} for a A G i? or = F^- . 

In each case if A G rng{F) for an A G F, then we claim = A. Suppose 
^ = ^xu{k:+}(^^) ^ rkL(B) < /C+ for the set B G Hulls^ ({/C, /C+}). However 
by X > /C we have rki(S) G Hull^^ ({/C, /C+})n/C+ G Hull^^ (a;U{A:+})n/C+ C x. 
Hence this is not the case. 

IH yields the assertion. □ 

Collapsing down to K, 14.241 yields the following Theorem 14.251 
Theorem 4.25 (Elimination of (Refyc)) 

Let-f en-y^n, BclC, and B eRnll'^^{{]C,IC+}). 

[^7,« ^HB,IC)] ^ [^t{B,tt) is true]. 

for any tt G Mhf^ with ^ = 7 + 0. 



5 Proof of Theorem 11.31 

Let iy9 be a Sj'SGutence, and assume that ZF proves the sentence 
V/C[/C is a weakly compact cardinal -> f^'^]- 

Under V = L, Va = for any inaccessible cardinals a, and we have 
\/K.[IC is a weakly compact cardinal f^'^]- Hence T{JC, I) h ip^'^. By Propo- 
sition rOl we can assume that the sentence ('/C is uncountable regular' —5- (p^'^) 
is of the form '3B C IC{Sf{B) n /C is stationary in /C)'. 

Let B:= nB C /C(S"^(B) n /C is stationary in /C) G Hull|;^ ({/C, /C+}). 

In what follows work under /C G M/i^"*'^^^'' over ZF + (1^ = L) for a suffi- 
ciently large n < u. By Embedding |4.16l pick an m < a; such that (Ho.m 
^t{B, K.). By Predicative Cut-elimination l4.19l we have (Ho.ti, h'J^"-,^^''^ '■™ ^ 
^t{BX)- 

Then by Collapsing down to / I4.22l we have for a = a;,„(/+ 1) and b = 5'/,„a, 
i'Ha,n, I,n) -it(_B,/C). Again by Predicative Cut-elimination [4.191 we have 

ina,n,I,n) hr-T(B,/C). 
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Elimination of (Refyc) 14.251 yields -^t{B,tt) for any tt G Af/i| with ^ = 
a + ipbb& H^,„iJC) n u}„,+i{I + 1). 

PropositionlOSlwitli K. G M/i;^'"+'^-^+^' yields -^t{B,]C), and henee S"^(B)n 
/C is stationary in IC. 

Therefore (p^>^ follows from 6'„(/C) :^ /C G Mhrr^^'^^^ over ZF + = L). 
Thus Theorem II .3121 was shown. 

Since the least weakly inaccessible cardinal /q is below the least weakly 
Mahlo cardinal, 

ZF + K h if^"' ^ ZF + {3/C6l„(/C) : n < cj} h (^^^o 

for any first-order sentence (/s, etc. 

This completes a proof of Theorem 11.31 
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